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Linear stability characterization of thin
Newtonian liquid films flowing down a
cylinder moving in a vertical direction

Hung Ming Sung, Chung-Ting Hsu, Wuchang Kuo

Abstract

This project presents a stability analysis of thin Newtonian liquid films flowing down
a cylinder moving in a vertical direction. The long-wave perturbation method is employed
to derive the generalized kinematic equations for a free film interface. The current thin
liquid film stability analysis provides a valuable input to investigations into the influence of
the style of motion of the vertical cylinder on the stability behavior of the thin film flow.
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1. Introduction

The stability characterization of film
flows traveling down along a wvertical
cylinder is of great importance to the
quality control of many industrial products.
Thus, the research effort made toward
improvement on this matter has been
emerged as a subject of great interest to
numerous worldwide researchers in past
decades. Typical application examples can
be found across different industrial sectors
chemical and

including mechanical,

nuclear engineering. It is well known that
the stability controls are generally required
in precision finishing processes of coating,
laser Since

cutting, and casting.

macroscopic  instability = can  cause
disastrous conditions to film flows and thus
very detrimental to the needed quality of
final products, it is highly desirable to
develop suitable working conditions for
homogeneous film growth to adapt to
various flow configurations and associated
time-dependent properties.

Detailed reviews on linear stability

theories for various film flows has formally

presented by Lin [1] and Chandrasekhar [2].

The Landau equation was re-derived in
1956 by Stuart [3] using the disturbed
energy balance equation and Reynolds
and Yih [5]
formulated the perturbed wave equation for

stresses. Benjamin [4]

free surface flows. The stability behaviors
of flows having long disturbed wave were
fully studied in this paper and some
significant observations on film flows over
an inclined plane are obtained. These
observations include (1) the flow that is
disturbed by a longer wave is less stable
than that of the flow disturbed by a shorter
wave; (2) the film flow becomes less stable
as the inclined angle increases; (3) the film
flow traveling down along a vertical plate
becomes unstable as the critical Reynolds
number becomes nearly zero; (4) the film
flow becomes somehow stabilized as the
surface tension of the film increases; (5)
velocity of the unstable long disturbed
wave is approximately twice of the wave
velocity on the free surface. The effect of
surface tension was found by many
researchers [6-8] as one of the necessary
conditions that lead to the solution of
supercritical stability in analyzing this type
of problems. The effect of surface tension
on flow stability was considered significant
by Lin [6], Nakaya [7], and Krishna et al.
[8]. Renardy et al. [9] and Tsai et al. [10]
presented the work of both linear and
nonlinear stability analysis for a film flow
traveling down along an inclined or a
vertical plate. Detailed flow analysis was
found

of great importance in the

development of stability theory for

characterizing the behaviors of various film
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papers, it was found that the stability of p(ZL*Jru*%JFW*ZL*) 2
. . . it v z

thin Newtonian film flows moving along 1807z, or.. 1
vertical cylinder appeared to be very T o o g lee
important in various coating, painting, oW  .ow  .ow

. .. pPl+u —+w —)
surface drawing and lubrication processes. ot or 24 3)
This type of stability problems has not yet ZLMJF‘%_JF og

. . r  or 0z
been fully explored so far in the literature. o
Individual stress components can be

The types of stability problems are indeed
of great importance for many industrial
applications. In  this
stability of a thin

Newtonian film flow traveling down along

paper, the
finite-amplitude
a vertical

quiescent, up-moving, and

down-moving cylinder is thoroughly
investigated. The influence of the cylinder
moving styles on the equilibrium finite
amplitude is studied and characterized.
Several numerical examples are presented
to verify the computational results and also
to illustrate the effectiveness of the

proposed modeling approach.

2. Generalized Kinematic

Equation

Fig.1 shows the configuration of a
thin Newtonian film flow traveling down
along a vertically moving cylinder. The
governing equations can be expressed in

terms of cylindrical coordinates (r*, z')

as

expressed in terms of velocity gradient and

flow pressure as

*

" ou
T..=—p +24, o 4)
. ow’
T..=—p +2u, P (5)
ou ow'
T =T.. = (§+?) (6)
* u*
Ty =D +2y07 (7
where u and w  are velocity
components in " and z  directions,

respectively. p is the flow pressure, o is
the film density, and 4, is the dynamic
viscosity. The boundary conditions for
the film flow system at the cylinder surface
of " =R" can be expressed as
u =0 (8)
w =V, ©)

where 7 is the moving velocity of the

vertical  cylinder. The boundary

conditions for the film flow at free surface
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ofr’ =R" +h" are derived based on the variables as
results given by Edwards et al. [11]. The o oz . r - oyt
shear stress for film flow at free surface is h, h, h,

iven as W . _p
g h = 7* > ¢ = *¢ *2 > = p *zpa
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The normal stress for film flow at free B 27h, I R (14)
surface is given as i hy’

*

8h
[1+( )] T2z. e 8 T
. 0N o (11)
5}1* 2 73/2__ 21-1/2
+(¥) ] . ]
=Pa’.

The kinematic condition that the flow
velocity normal to a free surface is naught

can be given as

6h*+6h* =0 (12)
ot 0Oz
where p. is the ambient pressure, S* is

the surface tension, %  is the local film
thickness. The variable associated with a
superscript “ * “ stands for a dimensional
stream

quantity. By introducing the

function ¢° , the dimensional velocity

components can now be expressed as

u = 1 8(p W*:_i*('ﬂ(o* (13)

r&z r or

In order to minimize the flow variables and
to simplify the analysis procedure, it is

customary to define dimensionless

The moving velocity of the vertical

cylinder can then be expressed as
V,=Nu, (15)

where N is a specific constant ratio of the

cylinder velocity to the free stream velocity.

The reference velocity can then be
expressed as
(16)
4v, I’
and
F:[2(1+R)2ln(HTR)—(1+2R)]"
17)

Since the modes of long-wavelength
that gives the smallest wave number are
most likely to induce flow instability for
the film flow [4,5], the dimensionless wave
number of the long-wavelength mode, «,
is then chosen as the perturbation
parameter for variable expansion. By so
doing the stream function and flow
pressure can be perturbed and represented

as




